We describe the quantum dynamics of a magnetic rigid rotor in the mesoscopic scale where the Einstein-De Haas effect is predominant. In particular, we consider a single-domain magnetic nanoparticle with uniaxial anisotropy in a magnetic trap. Starting from the basic Hamiltonian of the system under the macrospin approximation, we derive a bosonized Hamiltonian describing the center-of-mass motion, the total angular momentum, and the macrospin degrees of freedom of the particle treated as a rigid body. This bosonized Hamiltonian can be approximated by a simple quadratic Hamiltonian that captures the rich physics of a nanomagnet tightly confined in position, nearly not spinning, and with its macrospin anti-aligned to the magnetic field. The theoretical tools derived and used here can be applied to other quantum mechanical rigid rotors.
I. INTRODUCTION
A rigid body is described by its center-of-mass position and linear momentum as well as its orientation and rotational angular momentum [1, 2] . A rigid body can also contain internal degrees of freedom. Particularly interesting is a magnetic rigid body such that the internal spin can couple to the external degrees of freedom via the Einstein-De Haas effect [3] . The physics of such a magnetic rigid rotor is very rich specially at mesoscopic scales where the Einstein-De Haas effect is enhanced due to a smaller moment of inertia. Quantum effects have to be considered [4, 5] when thermal fluctuations of the degrees of freedom are small. The quantum mechanical theory of the rigid rotor has been applied to study rotational spectra of molecules [6, 7] , to model the structure of the atomic nucleus [8, 9] , and to control the rotational motion of molecules [10] [11] [12] [13] . Magnetic rigid rotors in the quantum regime have been considered to study spin tunneling in single molecule magnets and magnetic singledomain nanoparticles [14] [15] [16] [17] [18] [19] [20] .
Motivated by the possibility to bring mesoscopic systems to the quantum regime, see [21] and references therein, here we use well known results in quantum angular momentum theory [22, 23] to develop a theoretical toolbox to describe the quantum dynamics of a levitated magnetic rigid rotor. We consider a single-domain magnetic nanoparticle (we call it nanomagnet hereafter) in a magnetic trap to derive, from first principles, a relatively simple quadratic Hamiltonian able to describe the rich dynamics of the system. A quantum mechanical description of the system has to be used when the thermal fluctuations of the degrees of freedom have been cooled to the limit where quantum fluctuations dominate. In the context of quantum nanomechanics many techniques have been devised to reach this regime [21] . An experimental proposal to bring a levitated nanomagnet in the quantum regime will be analyzed elsewhere [24] .
The article is organized as follows. In Sec. II we introduce the system, its degrees of freedom, the basic Hamiltonian in the lab and body frame, and the Hilbert space with the relevant basis. In Sec. III we perform a unitary transformation that diagonalizes the magnetic dipole interaction term. In Sec. IV we perform the Lamb-Dicke approximation by assuming the nanomagnet to be tighly confined in the magnetic trap. In Sec. V we show how to map the angular momentum operators of the Hamlitonian into bosonic creation and annihilation operators. This allows us to perform a Holstein-Primakov approximation by assuming the nanomagnet to be well antialigned to the external magnetic field and nearly not rotating. In Sec. VI we apply these approximations to derive a quadratic Hamiltonian and discuss its validity. In Sec. VII we draw our conclusions and provide some further directions. We leave to the appendices the discussion of some required tools of quantum angular momentum theory (Appendix A), an example of magnetic field trap (Appendix B), and some details about the derivation of the quadratic Hamiltonian (Appendix C & D).
II. DESCRIPTION OF THE SYSTEM
We consider a nanomagnet of mass M , moment of inertia I, and magnetic momentμ. The nanomagnet is interacting in free space with an external static B-field B(r). Being a rigid body, the position of the nanomagnet in space is specified by its center of mass position and its orientation. The latter is equivalent to specifying the orientation of the coordinate frame Oe 1 e 2 e 3 , attached to the body and centered at the position of its center of mass, with respect to the position of the coordinate frame Oe x e y e z fixed in the laboratory. The mutual orientation between the two frames is described through the Euler angles Ω = {α, β, γ} defined in Fig. 1a . Hereafter Latin indexes i, j, k, . . . = 1, 2, 3 label the body frame axis while Greek indexes µ, ν, λ . . . = x, y, z label the laboratory frame axes.
The nanomagnet is characterized by the following degrees of freedom, see Fig. 1b: • The center of mass described by its positionr and momentump.
• The rotational momentum and orientation of the arXiv:1511.04022v4 [quant-ph] 13 Apr 2017
particle described by the angular momentum L and the Euler anglesΩ = {α,β,γ}.
• The magnetic momentμ.
The operator L is the angular momentum associated to the rotational motion of the particle. The magnetic moment of the nanomagnetμ = γF, withF = N i=1F i , is the sum of the single magnetic moments of its N constituents, where γ > 0 is the gyromagnetic ratio and F i the total spin of the ith constituent. The individual spins inside the nanomagnet are subjected to two different interactions: (i) the exchange interaction, that tends to align all the single magnetic moments together, and (ii) the anisotropy interaction, that tends to align independently each magnetic moment to a given direction in the crystalline structure of the particle. When the first interaction dominates over the second (weak anisotropy limit), one can perform the so-called macrospin approximation [26] , which consists in projecting the total spin into the subspace withF
, where f is the total spin of a single constituent (assumed to be identical for simplificity). Finally, note that the center-of-mass motion, described byr andp, can yield angular momentumr ×p. This should not be confused with L .
For a solid nanosphere the internal vibrations have frequencies of the order of the speed of sound divided by the size of the object. For a nanosphere, these frequencies are many orders of magnitude higher than any other frequency in the system. Hence, internal vibrations are effectively decoupled [25] and can be safely ignored.
A. Hamiltonian in the Laboratory Frame
The dynamics of a rigid body can be studied both in the laboratory frame Oe x e y e z and in the body frame Oe 1 e 2 e 3 . In the laboratory frame, the dynamics of a spherical nanomagnet of radius R (moment of inertia I = 2M R 2 /5) is described by the Hamiltonian
Note that when a non-spherical shape is considered, the moment of inertia will be a tensor depending on the Euler angles [1, 2] . The first (second) term represents the kinetic energy of the center of mass (rotational) motion. The third term represents the uniaxial anisotropy energy term in the macrospin approximation with the preferred axis e 3 , see Fig. 1c . The uniaxial anisotropy is common in nanomagnets [14] but other anisotropies could be straightforwardly included in the analysis. In the Laboratory frame, the unit vector e 3 depends on the Euler angles and it is therefore an operator, e 3 = e 3 (Ω). The anisotropy constant D depends on the material and is related to the blocking temperature of the nanomagnet [27] , where K b is the Boltzmann's constant. The fourth term represents the magnetic dipole interaction of the macrospin with the external static field B(r) which we describe as a classical field.
For later convenience we defineĴ ≡L+F, which is the total angular momentum of the system whenr ×p = 0. The operatorsĴ,L, andF fulfill the usual commutation relations of angular momenta, see Table I . Moreover, we assume [L ν ,F µ ] = 0, ∀µ, ν, namely that the spin angular momentum is independent of the Euler angles. This is commonly assumed in molecular quantum mechanics [6, 28] , and corresponds to neglecting the spin-orbit interaction between the individual spins of the nanomagnet and the electronic rotational motion within the BornOppenheimer approximation.
B. Hamiltonian in the Body Frame
The dynamics of a rigid body is more conveniently described in the body frame Oe 1 e 2 e 3 where the inertia tensor of a non-spherical body does not depend on the Euler angles [1, 2] . The operators in the body frame are obtained by the following change of variables:
where the orthogonal matrix R(Ω) is given by
The change of variables Eq. (2) does not preserve the commutation relations of the angular momenta. Indeed, by writing the operatorL in the laboratory frame in the Euler angles representation [23 
one can show that using Eq. (3) (b) Description of the system and its degrees of freedom. The nanomagnet is represented as a sphere divided in two parts: a red and a blue half that stays respectively for the north and south pole of the magnet, and thus give the direction of the spinF. The anisotropy axis is along the direction of e3 and it is represented by a black line in the nanomagnet which need not to be aligned with the magnetization. Finally the angular momentumL relative to the mechanical rotational motion lies, in general, along a different direction. (c) Anisotropy of the nanomagnet. We consider a nanomagnet with a single axis anisotropy: the magnetic moment will preferably align parallel or antiparallel to the anisotropy direction. TheF Note however that this is not the case for the spin angular momentum since, as already discussed in Sec. II A, it commutes with the Euler angles
The results in Eq. (5) and in Eq. (6) together with the property
valid for an orthogonal matrix, allow to derive the commutation relations of the operators in the body frame, as given in Table I . Note that the body frame components of the spin commute as in the laboratory frame, while the commutators for the body frame components ofL and
It is convenient to introduce the operatorŜ = −F to force the three angular momenta to have the same commutation rules. Note that S 2 =F 2 and we define S ≡ F . The body frame ladder operators are given byĴ Table I .
With the change of variables given in Eq. (2), the HamiltonianĤ in the body frame readŝ
The term withŜ 2 has been dropped since under the macroscopic approximationŜ 2 = S(S + 1) is a c-number. The external magnetic field depends in this frame on the Euler angles. So far only a change of variables has been performed without any approximation.
C. Hilbert Space Structure of the System and Suitable Basis
The Hilbert space H associated to the system is given by
is the Hilbert space associated to the motion of a point-like particle in R 3 , and it is spanned by the general basis {ψ n (r)} n . H am is the Hilbert space associated to the angular momenta of the particle. From the commutation relations in Table I it is possible to find three different complete sets of commuting observables (CSCO) for the particle angular momenta [7] :
such that
TABLE I. Commutation rules of the components of the angular momentum operatorsL,Ŝ = −F andĴ =F +L = −Ŝ +L both in the laboratory frame (left column) and in the body fixed frame (right column). The ladder operators in the body frame
, while in the laboratory areĴ± =Ĵx ± iĴy (F± =Fx ± iFy). Summation over repeated indexes is here assumed.
The Hilbert space is
2. Body frame uncoupled representation
The set 1 (2) contains the additional commuting oper-
, which has not been included since it is determined by some of the operators within the set and thus it does not represent an additional degree of freedom. The three Hilbert spaces of the representation are isomorphic (they correspond to a different choice of basis), and the change of basis is achieved by a unitary transformation. To switch from 1 to 3 one uses the relation
and from 2 to 3 the relation
Gordan coefficients under the Condon-Shortley convention (they are real numbers) [23] . C Jm J1m1,J2m2 is non-zero 
which embodies the conservation of angular momentum.
The inspection of the Hamiltonian in the body frame, Eq. (8), suggests to use the representation 2 (body frame uncoupled representation). The basis of the total Hilbert space will thus be {|ψ n ⊗ |Jm J k J , Sk S 2 }.
III. DIAGONALIZATION OF THE MAGNETIC DIPOLE INTERACTION
In the context of magnetic trapping it is convenient to apply a unitary transformationÛ to the Hamiltonian such that the magnetic dipole interaction in Eq. (8) is transformed as follows:
This can be achieved with the unitary transformation given by
where n(r,Ω) = (n 1 (r,Ω), n 2 (r,Ω), n 3 (r,Ω)) T is the unit vector that lies in the same plane as e 3 and B(r,Ω), and bisects the angle between them, see Fig. 2 .
The body frame Hamiltonian Eq. (8) transformed by the unitary transformation Eq. (18) can be written aŝ
where:
1 An analogous unitary transformation is also used in describing the magnetic trapping of atoms [29, 30] . However, note that here the unitary operator Eq. (18) depends onΩ and hence has to be treated more carefully.
•Ĥ 0 , which is diagonal in the basis |Jm J k J , Sk S 2 , is given bŷ
Since local minima of |B(r)| are allowed, the term γ|B(r)|Ŝ 3 can trap the nanomagnet for macrospin states with Ŝ 3 > 0, .
•Ĥ I is given bŷ
This term originates from the rotational kinetic energy of the nanomagnet, (Ĵ +Ŝ) 2 /2I and couples the spinŜ with the total angular momentumĴ.
•V D is given bŷ
where we defined n ↑ (r,Ω) = [n ↓ (r,Ω)] † = n 1 (r,Ω) − in 2 (r,Ω). This arises from the unitary transformation of the anisotropy interaction.
•V P is given bŷ
where A ν (r,Ω) = −2 n(r,Ω) × ∂ ν n(r,Ω) ·Ŝ. This term originates in the unitary transformation of the center of mass momentump, which does not commute withÛ .
The transformed Hamiltonian Eq. (19) is still exact. The termsV D andV P contain the components of n(r,Ω), which are operators acting both on the center of mass subspace, throughr, and on the angular momentum subspace, through the Euler anglesΩ. One can show that
where n(r) is the unit vector that lies in the same plane as B(r) and e z and bisects the angle between the two. The operator n(r,Ω) acts on the angular momentum subspace through the matrix elements R iν (Ω), which are combination of trigonometric functions of the Euler angles, see Eq. (3). These can be expressed through the Wigner Dmatrix tensor operatorsD j mk [31] , which are defined as
where e iγĴz e iβĴy e iαĴz is the unitary representation of the Euler angles rotation matrix according to the convention adopted in Fig. 1. In Eq. (25) the angles α, β, 
This allows to writeV D andV P in terms of D-matrices, since using Eq. (24) one has that
where n ± (r) ≡ n x (r) ± in y (r) and
As shown in Appendix A, the D-matrices transform the state |Jm J k J , Sk S 2 in the following waŷ
where m J = m J + m and k J = k J + k. For j = 0, the D-matrix operators couple subspaces of different J. The HamiltonianĤ , Eq. (19), which is derived from H, Eq. (8), without any approximation, can be expressed as a function of the following operators:r,p,
, and products ofD
3 . That is, it can be expressed without an explicit dependence on the Euler angles. We remark that in such a transformed frame, some of the mathematical operators appearing inĤ , Eq. (19), have a different 2 The ket |jm is defined asĴ 2 |jm = j(j + 1)|jm andĴz|jm = m|jm , whereĴ is here a generic angular momentum operator. physical meaning that those appearing inĤ, Eq. (8). In particular note that (we defineM ≡Û †MÛ for any operatorM ),
where we define the operatorsĴ b = B(r,Ω)·Ĵ/|B(r)| and S b = B(r,Ω) ·Ŝ/|B(r)|, which represent the projection along the local direction of the magnetic field. Note, for instance, that the mathematical operatorŜ 3 in the transformed frame has the physical meaning of the projection of the spin along the local magnetic field, as expected. However this is not the case forĴ 3 . In the following sections some assumptions are considered in the state of the nanomagnet to perform several approximation to the very rich, but complicated, HamiltonianĤ given in Eq. (19) .
IV. LAMB-DICKE APPROXIMATION
The first assumption is to consider that the state of the nanomagnet is such that Ŝ 3 > 0. This implies that the term γ |B(r)|Ŝ 3 inĤ 0 , see Eq. (20) , can confine the nanomagnet around r ≈ 0 for a magnetic field with a local minima of |B(r)| at r = 0 [32] . This allows to expand the functions ofr in the Hamiltonian Eq. (19) as a Taylor expansion. Note that onlyĤ 0 ,V D , andV P depend onr. The Lamb-Dicke approximation will consist in only keeping the lower orders of such expansions.
InĤ 0 , this is done by expanding 
In full generality the cross talking terms coupling different spatial directions can be made zero by choosing the laboratory frame axis where the symmetric matrix (∂ ν ∂ µ |B(r)|) r=0 is diagonal. Under the Lamb-Dicke approximation the termĤ 0 is approximated tô
where we have defined the following frequencies
with M s ≡ M/S. Typical values and hierarchy of these frequencies depend on the size of the particle and on the external bias field B 0 , see Fig. 3 . The center-of-mass position operator can be expressed aŝ
where
Ther-dependence of the termsV D andV P arises from the components of n(r). Under the Lamb-Dicke approximation one can use the expansion
where we define ∂ ν n µ = ∂ ν n µ (r)| r=0 for shortness. Since the vector n(r) defined in Sec. III depends on r only through the magnetic field B(r), this expansion is justified when the condition Eq. (38) is fulfilled. Recall that to obtain the Taylor expansion for the components of n(r,Ω), it is sufficient to use Eq. (27) 
V. HOLSTEIN-PRIMAKOFF APPROXIMATION: BOSONIZATION
Our aim is to describe the nanomagnet in the following regime
Recall that for a nanomagnet S 1. We called this regime highly polarized, which corresponds to the nanomagnet being:
• Highly confined in position.
• With the macrospin highly anti-aligned to the external magnetic field (recall thatŜ = −F).
• Nearly not rotating, namely L 2 0.
According to Eq. (36), we can approximateĴ b ≈Ĵ 3 when the nanomagnet is nearly not spinning. We apply a Holstein-Primakoff (HP) boson mapping [33] to express the angular momentum operators and the D-matrices as a function of a set of bosonic operators. This mapping allows us to expressĤ , Eq. (19), in terms of bosonic operators. The exact mapping yields non-linear bosonic terms to keep the angular momentum character of the original operators. Nevertheless, by assuming the highly polarized regime of the nanomagnet, a quadratic Hamiltonian in bosonic operators can be obtained under the so-called HP approximation.
A. Holstein-Primakoff boson mapping
The HP boson mapping for the spin angular momentum is given by [33] 
We have introduced the spin bosonic operator [ŝ,ŝ † ] = 1. In the highly polarized regime, one can perform the HP approximation, namelŷ
The boson mapping for the angular momentum operatorĴ and the D-matrices has to be done more carefully since J is not fixed, as discussed in Eq. (29) . The HP map can be generalized by promoting the quantum number J to the operatorĴ ≡d †d /2 with [d,d † ] = 1 [9] . The exact mapping is given bŷ
We have introduced the angular momentum bosonic op-
One can show that the mapping fulfills the commutation rules given in Table I . Therefore, the general state |Jm J k J , Sk S 2 can be obtained, using the bosonic mapping, from the vacuum of 4 bosonic modes, namely
In the highly polarized regime of the nanomagnet, it is useful to defined ≡ √ 2J +ĵ, where J 1. In this case the HP approximation of Eq. (52) readŝ
and for the total angular momentumĴ
Let us now address the boson mapping of the Dmatrices [34] . This can be done using Eq. (29) and Eq. (53). Knowing how the single creation and annihilation bosonic operators act on |Jm J k J , Sk S 2 , we can derive an expression ofD q mk in terms of {ĵ,ĵ † ,m,m † ,k,k † }, such that when applied to |Jm J k J , Sk S 2 using the mapping Eq. (53) gives exactly the right hand side of Eq. (29) . While this can be done exact, in Table II we provide the mapping, using the HP approximation up to order O(1/J), for theD q mk appearing in the Hamiltonian.
VI. QUADRATIC BOSONIZED HAMILTONIAN
At this stage one can use the Lamb-Dicke approximation and the HP mapping of the angular momentum operators and the D-matrices to write the HamiltonianĤ , Eq. (19) , as a function of the bosonic modes of the system: {b x ,b y ,b z ,ĵ,ŝ,k,m} . In principle this Hamiltonian can be divided into two parts:
H G collects terms containing up to two bosonic operators (quadratic form), which lead to Gaussian physics. H N G contains normally ordered terms with more than two bosonic operators. Let us first obtainĤ G and then discuss whenĤ N G can be neglected.
A. Quadratic terms
In order to obtainĤ G one substitutes Eq. (51), Eq. (54-55), and Table II In deriving the quadratic Hamiltonian, we assume the Ioffe-Pritchard configuration for the external magnetic field. This magnetic field is characterized by three parameters: the bias field B 0 , the field gradient along z, 
TABLE III. Definition of the frequencies appearing in eqs. (58) to (60) in terms of the fundamental frequencies of the system, ωI , ωL, ωD and ων . In the expression below we neglected terms smaller than O (ωη), where ω = ωI , ωL, ωD or ων .
The derivation of the quadratic HamiltonianĤ G is the main result of this article. The non-quadratic contributions given byĤ N G can be typically neglected, see below.Ĥ G describes the quantum dynamics of the nanomagnet in the magnetic trap provided it is in the highlypolarized regime defined by Eqs. (46-49). Under which physical parameters the highly-polarized regime is stable, the rich physics and wealth of applications thatĤ G can describe, and how to implement it in an experimentally feasible scenario, are very interesting questions that lie beyond the scope of this article and will be addressed elsewhere [24] .
B. Non-quadratic terms: when can they be neglected?
The non-quadratic HamiltonianĤ N G collects the terms with more than two normally ordered bosonic operators {b x ,b y ,b z ,ĵ,ŝ,k,m}. In the highly polarized regime Eq. (46-49) J ≈ S 1, one can realize that terms with an additional bosonic operator are a factor 1/ √ S smaller. All the energy terms that appear in the HamiltonianĤ =Ĥ G +Ĥ N G can be expressed in terms of the frequencies ω T , ω z , ω D , ω I and ω L . Establishing a hierarchy between these frequencies is needed to understand when the non-linear terms can be neglected. The strength of these frequencies depends on the size of the nanomagnet and on the external magnetic field. As shown in Fig. 3 different regimes can be achieved but we consider the following one
In order to neglect the non-quadratic contribution in the bosonized Hamiltonian, one needs to compare the order of the strongest of the non-quadratic terms inĤ N G with the weakest contribution kept inĤ G taking into account Eq. (61). The smallest terms inĤ G are of the order O (ω T η) and O (ω D η). The strongest non-linear term contribution comes from the bosonization ofĤ I and readŝ
ThereforeĤ N G can be neglected provided
which can be easily satisfied under typical experimentally feasible parameters [24] .
VII. CONCLUSION AND OUTLOOK
In conclusion, we have shown how to describe the quantum dynamics of a nanomagnet with uniaxial anisotropy in a magnetic trap. Starting from the basic Hamiltonian under the macroscopin approximation, we have performed a:
1. Change of variables to describe the dynamics in the body frame.
2. Unitary transformation to diagonalize the magnetic dipole coupling.
3. Lamb-Dicke expansion around the trapping position of the nanomagnet.
4. Bosonic Mapping of the angular momentum operators.
5. Holstein-Primakoff expansion when the macrospin is well anti-aligned and the nanomagnet is nearly non-rotating (highly polarized regime).
This allows to derive a quadratic Hamiltonian depending on bosonic operators that describes both the Einsteinde Haas coupling between the macrospin and the rotational angular momentum, and the magnetic-trapinduced-coupling between the center-of-mass motion and the rotational angular momentum. The non-quadratic terms can be neglected in the highly-polarized regime with typical experimental parameters. The derivation of the Hamiltonian can be straightforwardly extended to cover more general situations. For instance, one could consider ellipsoidal objects instead of spherical and other forms of magnetic anisotropy (e.g. cubic anisotropy). This would change the rotational kinetic and the anisotropy magnetic term, respectively, in the very initial Hamiltonian but the derivation to obtain the quadratic Hamiltonian would be analogous. Should one also be interested in describing the magnetic coupling of the nanomagnet with the quantum electromagnetic field, one could just add the quantized magnetic field operator to the magnetic dipole interaction term in the very initial Hamiltonian. This could be used to calculate vacuum forces and decay rates of the eigenstates of the Hamiltonian. Also note that the derivation of the quadratic Hamiltonian is constructive in the sense that one could consider next orders in both the Lamb-Dicke and the Holstein-Primakoff expansion to obtain the higher order non-quadratic contributions.
The unitary transformation in Sec. III is motivated by the goal of making the magnetic trapping potential appear explicitly in the Hamiltonian of the system. However, this transformation is not necessary to describe the dynamics of the quantum fluctuations around a stable state of the system. One could carry out the bosonization of the fluctuations in the Hamiltonian Eq. (8), before applying the unitary transformation. While this is mathematically equivalent, one should nevertheless be careful when performing the approximations after bosonizing since the physical meaning of the fluctuations, should one bosonized the same mathematical operators, would be different in the two cases. Recall the remark made in the end of Sec. III.
The derived quadratic Hamiltonian can be handled with the usual techniques of quantum optics and describes a very rich and original physical system. This opens many further directions that we are currently investigating [24] . Some of them are: (i) an experimental proposal where nanomagnets can be levitated in a Zshaped atom chip and brought to the quantum regime by inductively coupling its motion to a flux-dependent quantum circuit. This coupling can be used to cool the center-of-mass motion to the ground state as well as to sympathetically cool the rotational angular momentum and the macroscopin degrees of freedom; (ii) The proposal and study of magnetically levitating the nanomagnet using the Meissner field induced on a superconductive film with a hole [35] . This permanent passive short-distance trap could be used to measure Casimir and short-distance gravitational forces; (iii) Once in the quantum regime, exploit the nanomagnet as a nanogyroscope; (iv) Perform matter-wave interferometry by releasing the ground-state cooled nanomagnet from the trap; (v) Explore the regimes where the non-Gaussian physics given by the non-quadratic terms are relevant, for instance in the context of superradiance effects, etc.
We acknowledge discussions with J. I. Cirac. We thank V. Pöchhacker for carefully reading the manuscript. In this section we list some useful properties of the Dmatrix tensor operator. We will not prove them. The interested reader is referred to [22, 23] for more details. These are:
1. The matrix elements ofD
2. The matrix elements ofD q mk on the basis
This result can be proved by changing the basis to |Lm L k L , Sk S 1 through the Eq. (15) and Eq. (16) and then applying Eq. (A1).
The product of two D-matrix operators readŝ
4. The D-matrix operators fulfill the following commutation relations with the total angular momentum of the systemĴ:
The strategy to prove these relations is via the properties of the function D 
The integral in Eq. (A7) can be used to obtain Eq. (A2). See [22, 23] for further details.
for ν = x, and 
for ν = y. The operators for ν = z are zero due to the axial symmetry of the magnetic field. The second derivatives of the components of n(r,Ω) are obtained from Eq. (B8) as follow
where all the derivatives are evaluated in r = 0.
1. Apply the Lamb-Dicke expansion up to second order inr:
We define n ≡ n(0,Ω), ∂ ν n ≡ ∂ ν n(r,Ω)| r=0 , ∂ νµ n ≡ ∂ νµ n(r,Ω)| r=0 , ∂ νµλ n ≡ ∂ νµλ n(r,Ω)| r=0 , andr µ =x,ŷ,ẑ when µ = x, y, z respectively.
2. Substitute Eq. (D4) into Eq. (D1) and Eq. (D2) keeping only terms up to second order inr.
3. Use Eq. (B9-B12) to express n, ∂ ν n, ∂ νµ n and ∂ νµλ n in terms of D-matrices, the components of n(r), and its derivatives, Eq. (B8).
4. Take the expression forV P 1 andV P 2 obtained in the preceeding step and substitute the bosonic expression for the angular momentumŜ, Eq. (51), and for the D-matrix, Table II. 5. Rearrange the bosonic operators in normal order and keep only terms that contain product of up to two bosonic operators.
The procedure allows to exactly calculate all the quadratic terms appearing inV 
The contribution from the quadratic term in A(r,Ω) is of orderV
, and therefore can be neglected. To evaluate the non-linear terms one proceeds as for the case of the quadratic terms, however steps 1-3 must be done keeping all the bosonic terms up to the order of interest. Following this approach one finds that the strongest non linear term inV N G P is a three bosons term that scales as O( ω T η / √ J).
